Recent progress in the spectroscopy of antiprotonic helium has allowed for measuring the separation between components of the hyperfine structure (HFS) of the (37, 35) metastable states with an accuracy of 300 MHz, equivalent to a relative accuracy of 3.10 −5 . The analysis of the uncertainties of the available theoretical results on the antiprotonic helium HFS shows that the accuracy of the value of the dipole magnetic moment of the antiproton (currently known to only 0.3%) may be improved by up to 2 orders of magnitude by measuring the splitting of appropriately selected components of the HFS of any of the known metastable states. The feasibility of the proposed measurement by means of an analog of the triple resonance method is also discussed.
I. INTRODUCTION
Precision spectroscopy of antiprotonic helium is among the most spectacular examples of a successful fusion of particle accelerator with low energy atomic physics methods for the study of the fundamental characteristics of an elementary particle -the antiproton (see Refs. [1, 2] and references therein.) Among the main goals of the experimental program of the CERN collaborations PS205 and ASACUSA are precision tests of bound-states QED (never performed before on systems involving heavy antiparticles), the determination of the dipole magnetic moment of the antiproton (currently known to only 0.3% accuracy [3] ), and independent tests of CPT invariance. We focus our attention here on the possibility of determining the antiproton magnetic moment with an improved accuracy by measuring the hyperfine splitting and comparing the spectroscopy data with the theoretical calculations of the hyperfine structure (HFS) of metastable states of thep 4 He atoms [4, 5] . In the non-relativistic approximation the bound states ofp 4 He are traditionally labelled with the quantum numbers of the total orbital momentum L and the principal quantum number n, though an alternative labelling with L and the vibrational quantum number v is also used; of course, n = L + v + 1. For the near-circular excited states with L in the range L ≥ 30 and small v the Auger decay is suppressed (Condo mechanism [6] ) so that they de-excite only through slow radiative transitions. The life time of these states may reach microseconds; they are referred to as metastable.
The spin interactions of the constituents ofp 4 He split each Coulomb level into hyperfine components. The hyperfine structure of the metastable state (nL) consists of 4 substates (nLF J), labelled (in addition to n and L) with the quantum numbers F and J of the intermediate angular momentum F = L + s e and the total angular momentum J = F + sp; here s e and sp stand for the spin operators of the electron and the antiproton. The spin interactions are dominated by the electron spin-orbit interaction causing a splitting of the order of 10 GHz of the (nL) level into the F ± doublets with F = L ± 1/2. The splitting within the F ± doublets is due to interactions involving the antiproton spin, and is approximately two orders of magnitude smaller (see Fig.1 ).
The HFS of the (37, 35) state was first observed in 1997 [7] , when improved resolution allowed for clearly distinguishing two peaks in the profile of the (37, 35) → (38, 34) transition line. The peaks correspond to the d − and d + transitions on Fig.1 ; at that time the components d 1,2 ± could not be resolved, and the remaining non-diagonal components were too strongly suppressed to be observed [4] . The first laser spectroscopy study of the HFS of the (37, 35) state was performed in 2002 [9] ; using the triple resonance method the frequencies of the m ± transitions were measured with an accuracy of the order of 300 MHz (below 30 ppm). The idea of the method was to depopulate the F − doublet with a laser pulse tuned at the frequency of the d − transition, then refill it from the F + doublet by applying an oscillating magnetic field tuned at the m − or m + transition frequency, and measure the refilling rate with a repeated laser pulse tuned at the d − transition frequency. In future measurements of the m ± transition frequencies the experimental uncertainty is expected to be further reduced. In what follows we are analyzing the restrictions that theoretical and experimental uncertainties impose on the value of the antiproton dipole magnetic moment as extracted from spectroscopy data, and outline an alternative approach to improving the accuracy of this value, possibly by up to 2 orders of magnitude. 
II. HYPERFINE STRUCTURE OF THE ENERGY LEVELS OF THE METASTABLE STATES OF

4
HE
The spin interaction Hamiltonian V , used in the calculations of the HFS ofp 4 He in [4, 5] , has the form of a sum of pairwise interaction terms: V = V αe + V αp + Vp e , with (in unitsh = e = 1) 
Here m i , µ i , r i , p i and s i , i = e,p, α stand for the mass, magnetic moment, position vector, momentum and spin operator of the i-th constituent of thep 4 He atom, and r ij = r j − r i . In first order of perturbation theory the hyperfine energy levels E nLF J are calculated as eigenvalues of the matrix of V in an appropriate basis. The computational procedure makes use of the effective spin Hamiltonian of the system -a finite-dimensional operator acting in the space of the spin and orbital momentum variables of the particles:
The coefficients H i , i = 1, . . . , 4 of H eff are calculated by averaging the spin interaction Hamiltonian V of Eqs. (1)- (3) with the non-relativistic three-body wave functions ofp He; the remaining part of the computations is reduced to angular momentum algebra. The uncertainty of V is determined by the contribution of the interaction terms of order O(m e α 6 ) and higher, that have not been taken into consideration. Accordingly, the relative uncertainty ∆ q H i of the coefficients H i , due to truncating the expansion of V in power series in α is estimated to be of relative order [4, 5] . The uncertainty of H i gives rise to the uncertainties δ q E nLF J and δ q ν of the hyperfine energy levels and the hyperfine transition frequencies, respectively, and to the relative uncertainties ∆ q E nLF J = δ q E nLF J /E nLF J and ∆ q ν = δ q ν/ν. The latter are expressed in terms of the response of E nLF J and ν to variations of H i around the values calculated with the spin interaction Hamiltonian V , and are given by the derivatives Table I , presenting the numerical values of these derivatives for the hyperfine levels of the (37, 35) state, shows that the theoretical accuracy for all five allowed hyperfine transitions is of the order of ∆ q H i ∼ 10 −4 since |R i | does not exceed 1 and no precision is lost. We have also included in consideration the difference X of the transition frequencies of the m − and m + transitions, X = ν(m − ) − ν(m + ). This combination is of interest because, on the one hand, it is quite sensitive to the value of µp, and on the other, an improvement of the precision on the m − and m + transition frequencies and therefore also on X by at least one order of magnitude is expected in experiments using an improved laser system in the near future [8] . He atom to variations of the effective spin Hamiltonian coefficients Hi. Listed are the dimensionless derivatives ∂∆qEnLF J /∂∆qHi and ∂∆qν/∂∆qHi, evaluated numerically at ∆qHi = 0, i.e. using the values calculated with the spin interaction Hamiltonian V . Note that the theoretical prediction for X is less accurate than for the 5 hyperfine transition frequencies. The uncertainty of the value of X, ∆ q (X) = max i |R i (X).∆ q H i |, is larger than 10 −4 and is strongly state-dependent (see Table II ). The values in the table were calculated with the assumption that the uncertainties of H i , i = 1, . . . , 4 are not correlated, and should be regarded as upper limits for the theoretical uncertainties of X. The dominating contribution to E nLF J comes from the electron spin-orbit interaction which does not depend of the value of the dipole magnetic moment of the antiproton. The value of µp may be determined from spectroscopy data about the HFS ofp 4 He if one selects hyperfine transitions whose frequencies depend as strongly as possible on the value of µp. To help making the appropriate choice, we calculate the "sensitivity" of the hyperfine levels E nLF J and of the transition frequencies between them to variations of µp around the CPT-prescribed value µp = −µ p , for 9 metastable states that have been experimentally observed by now. We define the sensitivity S(F J) ≡ S(nLF J) of the hyperfine level E nLF J as:
The sensitivity of a transition frequency is then the difference of the sensitivities of the initial and final states, e.g.
The sensitivity values in Table III have been calculated by numerical differentiation of the eigenvalues E nLF J of the spin interaction Hamiltonian. Because of the opposite signs of S for the upper and lower sublevels in the F − and F + doublets, the sensitivity of the s − , s + and m 0 hyperfine transitions is enhanced, while the sensitivity of the m − and m + transitions is suppressed by orders(s) of magnitude (see Fig. 1 ). The current uncertainty in the value of the magnetic moment of the antiproton δµp ∼ 3.10 −3 × µp ∼ 8.10 −3 × µ N gives rise to an uncertainty δ µ ν of the theoretical frequency ν of the various hyperfine transitions, that is expressed in terms of the sensitivity S: δ µ ν = |S|.δµp. The corresponding relative uncertainty ∆ µ ν is given by ∆ µ ν = δ µ ν/ν. A measurement of the frequency ν of a hyperfine transition with an experimental uncertainty δ exp ν could improve the current accuracy of the antiprotonic magnetic moment value only if (1) the experimental error is sufficiently smaller than the theoretical uncertainties δ µ ν and δ q ν, and (2) δ q ν < δ µ ν or, equivalently, ∆ µ ν/∆ q ν > 1. Table IV presents the value of the absolute uncertainty |δ µ ν| and of the ratio |∆ µ ν/∆ν q | for all hyperfine transitions in the nine observed metastable states of thep 4 He atom. In absence of more precise theoretical calculation which take consistently into account all QED and relativistic effects of order O(m e α 6 ), we have assumed (in agreement with the results in Table  I ) that ∆ q ν = 10 −4 for all hyperfine transitions. For the difference X of the m − and m + transition frequencies we used the values of ∆ q (X) from Table II .
To improve the current accuracy of 0.3% of µp, the absolute experimental uncertainty δ exp ν of the measurement of the transition frequency ν should be below the corresponding value δ µ ν of Table IV. Provided that this condition is He atom to variations of the magnetic moment of the antiproton, and sensitivities S of the hyperfine transitions between these sublevels (see Fig. 1 ) and of the difference X = ν(m−) − ν(m+), in units MHz .µ −1 N , where µN = eh/2mp is the nuclear magneton. (nL) fulfilled, the ratio ∆ µ ν/∆ q ν is an estimate of the expected factor of improvement of the accuracy of µp. In other words, the ratio ∆ µ ν/∆ν q is a criterium for selecting the hyperfine transitions that are most appropriate for determining µp.
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A quick look at the Table IV shows 
III. APPLICATION OF THE TRIPLE RESONANCE METHOD TO MEASUREMENTS OF THE HYPERFINE TRANSITION FREQUENCIES
The s − and s + transition frequencies could be measured using an analog of the triple resonance method of Ref. [9] . Initially, the J − and J 0 sublevels of the F − doublet (see Fig. 1 ) are equally populated. By applying a laser pulse, tuned at the resonance frequency of the d The s − , s + and m 0 transition lines are much weaker than the m − and m + lines, which were subject to spectroscopy measurements by the ASACUSA collaboration in 2002 [9] . Compared to the Rabi frequency ν R of m − and m + , ν R (m ± ) ≈ (µ B B 0 )/ √ 6, the Rabi frequencies of s ± and m 0 are suppressed by factors of the order of L:
, where φ ∼ 2.10 −2 is the mixing angle of the F ± components in the J = L hyperfine states (see Table II of Ref. [4] ). Precision spectroscopy of the s − and s + transition lines would therefore require a longer measurement time and a stronger magnetic field, oscillating with frequencies in the 100 -200 MHz range.
To estimate the efficiency of asymmetrical depopulation, we consider a simple model in which the laser line profile ρ las (ν), as well as the profiles ρ i of the d i − transition lines, i = 1, 2, are assumed to be Gaussian: Fig. 2 ). The depopulation asymmetry is described with the ratio of the rates of depopulation of the J − and J 0 states q = λ 1 /λ 2 = exp d(d + 2D)/(w 2 + w 2 las ) . The depopulation rate λ 1 may be arranged to exceed λ 2 by any factor q > 1 by choosing the detuning to be D = ((Γ 2 + Γ 2 las ) log q/(4d log 2) − d)/2. The price for the achieved asymmetry will be a small overlap of the ρ las and ρ 1 profiles, and, as a consequence -waste of laser power and low λ 1 rate. The waste of laser power may be described in terms of the "power loss factor" f = f (D), defined as f (D) = dν ρ 1 (ν; 0, w) ρ las (ν; D, w las ) dν ρ 1 (ν; 0, w) ρ las (ν; 0, w las ) = 2 
To get a quantitative idea of the discussed phenomena, we calculate the values of the detuning D that lead to asymmetrical depopulation rates ratio q = 1.2 and q = 1.5, as well as the related power loss factor f , using the realistic value 100 MHz for the FWHM of the laser profile [11] . The collisional widths Γ c were calculated for temperature T = 6
• K and helium gas target number density 3 × 10 20 cm −3 using the results of Ref. [10] . The numerical results are presented in Table V . 
